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Abstract

It is shown that the well-known connection between the second order linear dif-
ferential equation h”+ B(z) h = 0, with a solution base {hi, ha}, and the Schwarzian

derivative )
(N s
= (%) -3 (%)

of f = hy/hy, can be extended to the equation h*) + B(z)h = 0 where k >
2. This generalization depends upon an appropriate definition of the generalized
Schwarzian derivative Si(f) of a function f which is induced by k — 1 ratios of
linearly independent solutions of h¥) + B(z) h = 0. The class R () of meromorphic
functions f such that Si(f) is analytic in a given domain 2 is also completely
described. It is shown that if € is the unit disc D or the complex plane C, then the
order of growth of f € Ri(f2) is precisely determined by the growth of Si(f), and
vice versa. Also the oscillation of solutions of h(¥) + B(z) h = 0, with the analytic
coefficient B in D or C, in terms of the exponent of convergence of solutions is briefly
discussed.

1. Introduction and results

Let D denote the unit disc of the complex plane C, and let M(Q) and H(€2) stand for the
sets of all meromorphic and analytic functions in a domain €2 C C, respectively. If there
is no need to specify the domain, we will simply write f € M or f € H.

We say that f € M(Q) belongs to the restricted class R(2), if f has only simple poles
and f'(z) # 0 for all z € . As in the case of M, we will write f € R if the domain Q
does not have to be specified. The Schwarzian derivative of f € R at z is defined as

i / 1 f”(z) 2 fm<2) 3 f”(Z) 2
St(z) = (—/ (2) =5 | % =2 (= .
f 2\ f"(2) f'z) 2\ [f"(2)
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The Schwarzian derivative Sy measures how much f differs from being a Mobius trans-
formation. In particular, Sy = 0 if and only if f is a Mobius transformation. It is also
clear that Sy € H if f € R. Moreover, if f € M(Q) and h € H(2) is locally univalent
such that h(€Q) C €, then

Spon(2) = Sy (h(2)) (W (2))* + Su(2) (1.1)

for all z € Q2.
An important property of the Schwarzian derivative is its well-known connection to
second order linear differential equations.

Theorem A. Let B € H. Then the quotient f := hy/hy of any linearly independent
solutions hy and hy of

h"+ B(z)h =0 (1.2)

belongs to R, and Sy = 2B.
Conversely, let f € R and define B := 1S5(f). Then B € H and (1.2) admits linearly
independent solutions hy and hy such that f = hy/hs.

Generalized Schwarzian derivatives

Let f € M and consider the meromorphic functions defined by the formulas

Son(f) = J}— Serin(f) = (Sen(F) = L LS00, meN, ke N\ {1},

n f’
and
Se(f) == Sky1.(f), keN.

Note that the definition of Sy ,,(f) is independent of n. Then Si(f) is the pre-Schwarzian
derivative of f, and
2

s =500 = (5) -1 (5) =5

f 2\ f

Therefore Sy(f) can be called a generalized Schwarzian derivative of f.
Direct calculations show that

() (5)-3 ()
S3(f)_ f’ 4 f/ f/ + 9 f/
and

£06) FON 7 fr 135 (fON £\ 15 (FfON 585 /F\*
silh) =L s ) 4 285 Ly- B AN
f/ fl f/ 8 f/ f/ 4 f/ 64 f/
In each term of S3(f) (resp. Sy(f)) the sum of the differences between the orders of the
derivatives in the numerator and the denominator is exactly 3 (resp. 4). Other Schwarzian

derivatives also share this property in the sense that the corresponding sum in the case
of Sk(f) is always k.
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One can find different definitions of higher order Schwarzian derivatives in the existing
literature. In particular, og.1(f), defined in [19], is closely related to Sk(f). One can show
that each term in oy1(f) is a constant multiple of the corresponding term in Si(f), yet
obviously oy41(f) # Sk(f) unless &k = 2. The Schwarzians oy, 1(f) have nice properties
with regards to compositions of functions whereas the functions Si(f) do not. Especially,
a formula similar to (1.1) can be established for oy.1(f), see [19, p. 3242]. Another
definition of a generalized Schwarzian derivative can be found in [3]. The definition given
in the present paper appears to give a natural connection to higher order linear differential
equations in the spirit of Theorem A.

Definition 1. Let f € M and k € N. Then f belongs to the k-restricted class Ry, if f’
can be represented in the form f’ = 1/h*, where h € H admits the following properties:

(i) zeros of h are at most (k — 1)-fold,;

(ii) at each I-fold zero of h all derivatives h*), ... A=Y vanish.

Condition (ii) in Definition 1 says that if h has an [-fold zero at «, then h®) has to
have at least an [-fold zero at a. This kind of functions appear naturally in the theory of
differential equations.

Example 1. Every solution h of
h*) £ B(z)h =0, (1.3)

where B € 'H, satisfies properties (i) and (ii) in Definition 1. To prove (i), assume on
the contrary that h has an m-fold zero at «, and m > k. Then, in a neighborhood of «,
h(z) = (z—a)™ H(z), where H € H and H(a) # 0. Therefore h®)(2) = (z —a)™ % K(2),
where K € ‘H and K(«) # 0. As h is a solution of (1.3),

W) 1 K(2)
Be) = T or aG)

where K/H is analytic in a neighborhood of « and K(a)/H(a)) # 0. Thus B has a pole
of order k at a, which contradicts the assumption B € H. Property (ii) follows by I — 1
differentiations of (1.3) because B € H.

Obviously R, is just the class of locally univalent analytic functions. The connection
between the restricted class R and Rs is given in the following lemma whose proof and
other lengthy reasonings are postponed to forthcoming sections.

Lemma 2. The classes R and Ry are equal.

We next give concrete examples of functions in R3 and R,.
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Example 2. Consider the meromorphic function

11 , 11 1 22
= ——— — — —_ — —_— = h = —
fl(z) 525 9,27 fl(z) -6 + >3 (h1<2))3’ 1(’2) (1+Z3)%’
where h; € H(D). The zeros of f{ are the solutions of 2* = —1, and thus f; does not
vanish in . Calculations show that
20 22 48 2° 28 28
h§3)(z) - - : T+ : 7 : 10
(1+2%)3 (1+2%)3 (1+2%)%
320 z* 40 560 27 280 19
h§4)(z) _ 2 z z n z |

(14235 (14233 (14237 (1+23)%

and hence hf’)(o) = h{Y(0) = 0. Therefore f; € R3(D) by Definition 1. Further,

60 — 24 23
Si(A)) = G
and so S3(f1) € H(D). One can also show that h; is a solution of (1.3) with & = 3 and

B =1 5,().

Consider the meromorphic function

1+2v2i 2420 1 1+2v2i 4+2v2i 1
fa(z) = — + — =, filz) = - + —,

923 322 z 324 323 22

where )
1 31z
T hy(2) = .
(ha(2))* 2(%) ((z—1)(32 — 1 — 2v/2i))a
Now hy € H(D) and f} is non-vanishing in D since the points 1 and %ﬁl belong to the

boundary of D. Further, a calculation shows that hg4)(0) = 0, and hence fy € R4(D) by
Definition 1. Furthermore, one can check that Sy(f2) € H(D) and hs is a solution of (1.3)
with & =4 and B = 154(f2).

fa(z) =

The phenomenon related to differential equations which occurs in Example 2 for the
functions f; and f, and their generalized Schwarzian derivatives Ss3(f1) and S4(f2) is by
no means a casuality. Lemmas 3, 4 and 5 explain the interrelationships between the
generalized Schwarzian derivative Si(f), the k-restricted class Ry, and linear differential
equations of order k. This connection is further underscored in Theorem 6, which is the
main result of this section.

Lemma 3. Let f € M such that f' = 1/h* for some h € H, h # 0, and k € N. Then
h(k)
Sk(f) = —k o (1.4)

and any constant multiple of h = (f)~'/* is a solution of

Ak 4 %Sk(f)(z) h=0. (1.5)
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If f € Ry, then f’is of the form f’ = 1/h* where h € H. Therefore Lemma 3 connects
the generalized Schwarzian derivative Si(f) to linear differential equations of order k.

If P, is a polynomial with deg(P,_1) <k —1 and f' = (P,_;)%, then Si(f) =0 by
Lemma 3. The converse implication is also true.

Lemma 4. Let f € M such that f’ is non-vanishing, and let k € N. Then Si(f) =0 if
and only if f' = (P,_1)~%, where P,_, is a polynomial with deg(P,_,) < k — 1.

If £ =1, then Lemma 4 simply says that the pre-Schwarzian is identically zero if and
only if f’ is a non-zero constant. The case k = 2 reduces to the known fact for the classical
Schwarzian derivative since the derivative of a Mobius transformation

az+b

o) = s ()=

c d -2
+ )
(\/ad—bcz \/ad—bc)

where ad — be # 0.
The next lemma implies that a function A is a solution of the differential equation
(1.3), with some B € H, if and only if h satisfies the properties (i) and (ii) in Definition 1.

Lemma 5. Let f € M such that f' is non-vanishing. Then the following conditions are
equivalent:

(i) f € Ri;
(ii) Sk(f) € H;
(iii) f = 1/h*, where h is a solution of (1.3) with some B € H.

Lemma 5 allows us to describe a natural and large subclass of Ry in terms of the
Laurent series of f’.

Example 3. Let f € M and k € N. We say that f € R}, if f' is non-vanishing and it
admits the following properties:

(i) poles of f" are of order Ik, where l =1,... k — 1;

(ii) if f" has a pole of order [k at «, then its Laurent series in a punctured neighborhood
of a is of the form

f’(z): Z—alk+ Z Z—(I C—lk#o-

j=—lk+k
The class Rj, is a subset of Ry.

By Example 3 the function f; in Example 2 belongs to R3. Moreover, the function f,
in Example 2 shows that conditions (i) and (ii) above do not characterize the class Ry.

The following result generalizes Theorem A for higher order equations. If £ = 2, then
the Wronskian determinant W ((hy/hs)’) is (h1/hs)’, and hence Theorem 6 with k = 2
reduces to Theorem A.
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Theorem 6. Let {hy,...,h;} be a solution base of (1.3) where B € H and k > 2. Then
every primitive function f of the Wronskian determinant

hi\" (ha\' hi—1\’
— — 1.
W((hk)(hk) (hk>> 0
belongs to Ry, and Si(f) = kB.

Conversely, let f € Ry, k > 2, and define B := %Sk(f). Then B € H and (1.3) admits
a solution base {hy,...,hy} such that f is a primitive function of (1.6).

The first part of Theorem 6 says that the analytic coefficient of (1.3) can be expressed
in terms of k — 1 ratios of linearly independent solutions. An analogous result can be
found in the existing literature. Namely, if {h1, ..., ht} is a solution base of (1.3), where
B € H, then a special case of [13, Theorem 2.1] yields

k—1 (k—7)
B — (_1)2]67]’ Wk—j ( V Wk) ’
Wi YW,

()
hi
G-1 7, \G-D he 6D

2>(j+1) <£>(j+1) , J=1...
hi

(m)(k’) (@)““) . (M)W
hy hi hg
This along with the first part of Theorem 6 shows that

k) (F—9)
_k,z 2k ]Wk J( Wk) ’
ka ’

where

where f is a primitive of the Wronskian (1.6).
Note that the representations of analytic coefficients in terms of k£ — 1 ratios of linearly
independent solutions given in [13, Theorem 2.1] are valid for equations of the form

A% 4+ By o(2)h* 2 4 4+ Bi(2)h + By(2)h = 0. (1.7)

This suggests that the first part of Theorem 6 should have an analogue for the equa-
tion (1.7). However, apart from the fact that the argument used in the proof of The-
orem 6 does not seem to work for (1.7), we will face other obstacles. Namely, in view
of Lemma 5, it is unclear if each coefficient B; could be represented in terms of some
generalized Schwarzian derivative of some function f (or some generalized Schwarzian
derivatives of some functions f;), induced by ratios of linearly independent solutions, and
to which restricted class this f (or these f;:s) should belong to. It seems that the def-
inition of Si(f) is not adequate for this purpose unless all the intermediate coefficients
vanish identically. Neither it is clear how the second part of Theorem 6 should be stated
in the case of (1.7).
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Order of growth via generalized Schwarzian derivatives

We next combine the results from the previous section with known results on differential
equations to characterize finite order functions in Ri(D) and R;(C) in terms of their
generalized Schwarzian derivatives. To do this, several definitions are needed.

The Nevanlinna characteristic of f € M(Q2), where 2 is either D or C, is

T(r,f):=m(r,f)+ N(r, f) = % /027r log™ | f(re™)| db + /OT Mdt + n(0) logr,

where m(r, f) is the prozimity function and N(r, f) is the integrated counting function.

The orders of growth of f € M(D) and g € M(C) are defined as
log™ T'(r, g)

. log" T(r, f) ,
=1 _— d =1 —_—.
o(f) msup Ay p(9) m sup ==
The order of growth of f € H(D) is

: log* log™ M(r, f)
=1
o) = timewn =

where M (r, f) := max).—, | f(2)]. It is well known that the inequalities o(f) < opn(f) <
o(f) + 1 are satisfied for all f € H(D).

For p > 0 and ¢ > —1, the weighted Bergman space AP consists of those h € H(D) for
which

Ity = ( [ IPQ = aprdmz)) < o

Functions of maximal growth in [, _ 4<o0 A are distinguished by denoting h € AP if
a =inf{g > —1:h € AL}. Moreover, h € H(D) belongs to H3°, 0 < p < oo, if

1]l rge == sup [7(2)|(1 = [2[*)P < oo,
zE

and f € HX if p=inf{qg > 0: f € H>X}.
The main results of this section are gathered to the following theorem.

Theorem 7. Let ke N, 0 < a<ooand 1< (< 0.

1
(a) Let f € Ri(D). Then o(f) < « if and only if Si(f) € Ng=aAg. In particular, if
1
a >0, then o(f) = « if and only if Si(f) € Ak.

(b) Let f € Ri(D). Then on(f) < B if and only if Sp(f) € Ngsr(s+1)H°. In particular,

if 3> 1, then on(f) = B if and only if S(f) € Hyjs, .-

(¢) Let g € Re(C). Then p(g) < [ if and only if S(g) is a polynomial with deg(Sk(g)) <
k(B — 1). In particular, p(g) = [ if and only if Si(g) is a polynomial with
deg(Sk(g)) = k(6 —1).
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If f e Ri(D) C Ri(D), then log f* € H(D). Corollary 8 is obtained from Theo-
rem 7(a)(b) by applying the well-known inequalities

CrlIAlaz, < W Laz,, + |R(O)] < CillR] a2,

Cy Pl < W Nz, + [AO)] < Collh]l e,

a+1

valid for all h € H(D) and for some C; > 0, depending only on p and «, and Cy > 0,
depending only on a.

Corollary 8. Let f € Ri(D), 0 < a < oo and 1 < < oo. Then o(f) < « if and only
if log f' € Ngsa-14,. In particular, if a > 0, then o(f) = a if and only if log f' € A} _,.
Similarly, oy (f) < 8 if and only if log f' € NgspH°. In particular, if 3 > 1, then
om(f) = B if and only if log f € HF.

Before analyzing Theorem 7(c), we give an example and shortly discuss conformal
maps of .

Example 4. Let f(z) = exp(1/(1—2)7), where vy > 1. Then f € Ry(D) and o(f) = y—1.
Moreover,

' 1 Y
10gf(Z>: (1_2)’y+10gm,
ffle) v ol
o)~ = e
72 72 -1

512) = —sa—gpe T au =2

and hence Si(f) € A

b, k=1,2,and log f' € A}{J as Theorem 7 and Corollary 8 claim.

If f is a conformal map of D onto the inner domain of a Jordan curve C, then geometric
properties of C are related to analytic properties of log f’ [18]. Moreover, several analytic
properties of log f’ (or f”/f’) can been expressed in terms of the Schwarzian derivative Sy
[1, 4,16, 17, 18]. For example, log f’ belongs to the classical Dirichlet space D (functions
in H(D) with square integrable derivative) if and only if S; € A3 [17]. If S; € A3, then
|St(2)| is of the growth o(1/(1 — |2]*)?), yet all conformal maps f satisfy the well-known
inequality |S;(z)] < 6/(1—|z|*)? for all z € D. It is obvious that the Schwarzian derivative
of a function in Ry may have a much larger growth as the function f in Example 4 shows.
It is also worth noticing that the methods of proof for conformal maps do not seem to
yield Theorem 7(a)(b).

To see that the cases (a) and (c) of Theorem 7 are analogous, one only needs to notice
that an entire function g is a polynomial with deg(g) < k(8 — 1) if and only if

| lo@IHel 4 dm(e) < o0
C\D

for all € > 0.
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All values of  are not permitted in the case of equality p(g) = 8 in Theorem 7(c).
Namely, if g € Rx(C) is not rational, then p(g) € {1+ % : n = 0,1,...}. This is not a
surprise, because the growth of g is determined via ¢’ = h=* by a solution h of (1.3) with
B entire. As p(h) = p(¢') = p(g) < oo, logarithmic derivative estimates (see Section 5.3
for similar reasonings) show that B must be a polynomial, and therefore the possible
orders of solutions h are restricted to the values 143, n =0,1,..., see [9] for a proof and
a further discussion on the subject.

Oscillation of solutions of A*) + B(z)h =0

Theorems 6 and 7 can be used to deduce known results on the oscillation of solutions of
%) + B(z)h = 0. (1.8)

To give the precise statement, definitions are needed. Let {z,} and {w,} be the zeros of
f € H(D) and g € H(C), respectively. The exponents of convergence for the zeros of f
and of g are defined as

n=1 n=1

A(f) :=inf {a >0: Z(l — |za))* ™ < oo} and u(g) := inf {ﬁ >0: Z Jw, |77 < oo} .

Theorem B. Let o > 0 and 3 > 1.

(a) Let B € H(D). Then all solutions h of (1.8) satisfy A(h) < « if and only if
1
B e NgaAf.

(b) Let B € H(C). Then all solutions h of (1.8) satisfy u(h) < 8 if and only if B is a
polynomial with deg(B) < k(3 —1).

Theorem B is a special case of results in [10], where the oscillation of solutions of
linear differential equation (1.7) is studied by using a representation of analytic coefficients
By, ..., Bj_5 in terms of ratios of linearly independent solutions [13]. Therefore, to avoid
unnecessary repetition, we merely sketch a proof of (a), and refer to [10] for a further
discussion on the topic.

It is well known that A(h) < o(h) for all h € H(D). Therefore one implication in
Theorem B(a) follows by the growth estimates for the solutions of (1.8), see Lemma D(a)
below. Conversely, let B € H(D) and assume all solutions h of (1.8) satisfy A(h) < « €
[0,00). Let {hy,...,hi} be a solution base of (1.8). Then an application of the second
main theorem of Nevanlinna shows that o(h;/hy) < a for all j = 1,...,k — 1, see [10]
for details. It follows that every primitive function f of the Wronskian determinant (1.6)
satisfies o(f) < a. But now Theorem 6 states f € Ry and Sg(f) = kB, from which

1
Theorem 7 yields B € Ng>qAf as claimed.
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2. Proofs of Lemmas 2-5

2.1. Proof of Lemma 2

Assume first f € Ro, that is, f € M and there exists h € H such that f/ = 1/h%
Then f’ is clearly non-vanishing. Moreover, if A does not vanish at a point «, then f’
is analytic at «, and so is f. If h has a zero at a point «, then h(a) = h”(a) = 0 and
R (a) # 0 by Definition 1. Therefore, in a neighborhood of «, the function A is of the
form h(z) = a1(z — @) + (z — a)*H(z), where a; # 0 and H is analytic. Hence

f(z) = ! < : )
VTR —a2 \1+20 —a)2H(2)a; + (2 — @) (H(z)a1)2 )
and it follows that

f(z):—ai%(z—a)1—%;)(1)(2—04)—1{;(;) (r—a)—....

Therefore f has simple poles at zeros of h and is analytic elsewhere. Thus f € R.
Conversely, assume f € R, and define B := %SQ( f). According to Theorem A,

equation (1.2) admits linearly independent solutions hy and hy such that f = hy/hs.

Further, the Wronskian determinant W (hy, ha) = hlhe — hy R} is a non-zero constant, and

hence .
- ﬁ _ hihy — hyh, _ W (hy, ho) _ i
ho h% h% h?’

where h := hy/+/W (hy, hy) is a well-defined analytic function. As h is a solution of (1.2),
f satisfies conditions (i) and (ii) in Definition 1, see Example 1. Thus f € R..

2.2. Proof of Lemma 3

Let f € M such that f' = 1/h" for some h € H and n € N. We claim that

h(F)

Skiin(f) = —n" (2.1)

for all £ € N. As Si(f) = Sk+1..(f), the assertion in Lemma 3 follows by taking n = k
in (2.1). To prove (2.1), note first that

1 h/ 1 h/
I = N and Sy, (f) = I —n

= ﬁ7 - f, - ﬁ7
and so the identity (2.1) is valid for £ = 1. Assume now (2.1) for k =m > 1. Then
1 f//
Sm+2,n<f) = (Serl,n(f))/ - E 7 Serl,n(f)
RmN" 1 h R (m)

() ()
hm+Dp _ pp(m) R B (™) h(m+1)

- h2 T TR TN T

and therefore (2.1) is valid for & = m + 1. The identity (2.1) follows by induction.
Moreover, (1.4) shows that any constant multiple of (f)~'/* is a solution of (1.5).
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2.3. Proof of Lemma 4

The following auxiliary result is needed.
Lemma 9. If f € M and Si(f) € H, then all poles of f’ are of order lk, where | € N.

Proof. Let f € M and Sg(f) € H. Assume on the contrary that f’ has a pole of order
p at a point «, and k is not a divisor of p. Then there exist R > 0 and a non-vanishing
H € H(D(«a, R)) such that f'(z) = H(z) (z — @)7? in the annulus 0 < |z — a] < R. For a
fixed branch, define the non-vanishing Ky € H(D(a, R)) by Ko(z) := (H(2))"'/*. Then,
for a fixed branch, the function

(z — a)P/*

B

= (z — )" Ko(2)

satisfies h € H(Q) for Q := {z € D(, R): Rez > Rea}. Therefore

o) = H(z) B 1 1 B
M= " oaprie W %

and hence Si(f) = —kh™® /h in Q by Lemma 3.
Differentiation gives
W(z) = (2 = )"/ 1K (2),

where K1(z) := PKo(2) + (2 — o) Ky(2) satisfies K; € H(D(a, R)) and K;(a) # 0. After
k — 1 more differentiations, we obtain

A0 (2) = (2 — a)P*F K (2),
where K} € H(D(«a, R)) and Ky(a) # 0. Therefore

W)k E(2) ;
S T R PR T N

where Ky /Ky € H(D(«, R)) and Ki(«)/Ko(a) # 0. It follows that Si(f) does not remain
bounded as z — «a in . This contradicts the assumption Si(f) € H, and the assertion
follows. a

We proceed to prove Lemma 4. If f/ = (P,_;)~%, where P,_; is a polynomial with
deg(Py-1) < k — 1, then Lemma 3 yields Sg(f) = —k P,g’i)l/Pk,l = 0.
Conversely, assume

, 1 f‘//

Si(f) = Sksru(f) = (Ser(f)) — R Sex(f) =0
By solving this equation we obtain S x(f) = Fo (f’)%, where Py € C. Hence
Sk = (SecralD) = 1 %5 SicaalF) = Po (71,
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which in turn gives Sy_1x(f) = (FPoz + O)(f')¢ =: P, (f)%, where C € C and P is a
polynomial with deg(P;) < 1. Continuing in this fashion we obtain

"
= % =P
where Pj_5 is a polynomial with deg(Py_2) < k — 2. Since f’ is non-vanishing by the

assumption, Lemma 9 implies that there exists h € H, h # 0, such that f' = h=%. It
follows that

Sax(f)

h  P_s
—k— =
h h '’
and hence h/ = —P;_»/k outside of zeros of h. Because both h and Pj_, are analytic, we

deduce f' = h™" = (P,_1)~*, where P,_; is a polynomial with deg(P,_;) < k — 1.

2.4. Proof of Lemma 5

Claims (i) = (ii) and (i) == (iii) follow from Lemma 3. Namely, if f € Ry, then
f" is of the form f’ = 1/h* where h € H and at each [-fold zero of h, h*) has at least
[-fold zero. Identity (1.4) implies Si(f) € H, and (1.5) shows that h is a solution of (1.3),
where B = +Si(f) € H.

Since (iii) == (i) is proved in Example 1, it remains to consider the claim (ii) =
(iii). To see this, let f € M such that f’ is non-vanishing and Sk(f) € H. Then Lemma 9
shows that f’ can be written in the form f' = h=*, where h € H. But now h is a solution
of (1.5) by Lemma 3, and thus f € Ry.

3. Proof of the assertion in Example 3

If f' is analytic at o, then, for a fixed branch, h = (f/)~'/* is analytic and non-vanishing
in a neighborhood of a. Lemma 3 implies that Si(f) = —kh®) /h is analytic at a. If f’
has a pole at «, then the Laurent series of f’ in a neighborhood of « is of the form

f(z) = (Zi——lzw+ . glz—a) = (C;lkﬂLH(Z),

' z—a)k
j=—lk+k
where ¢y, # 0 and [ € {1,2,...,k — 1}. Therefore f' = 1/h*, where

(z - a)

(-t + (= — @) H(2)"*

h(z) = (3.1)

is analytic at . We may write
(c_ie + (2 — a)”“H(z))l/k =ag+a(z—a)+ayz— )+ =ag+ A(z),
and hence

o+ (2 — ) H(2) = af + kab P A(2) + - - + kagAF7H(2) + AF(2).
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1
From this equality, it follows that ay = c¢*;, and
A(2) = ap(z — @) + appr (2 — Q)P 4 - -

Now

1 1 00 j
(Cflk + (Z — a)lkH(Z))l/k - ao + A(Z) = jzobj(z — a) ,

where by = agl and b; = —bg ZZL=1 anbj_p. Therefore b; =0 forall j =1,...,k—1, and
hence (3.1) implies

h(z) = bo(z — @)t + bp(z — @)™ 4 byi (2 — ) TFHE 4.
As | < k — 1 by the assumption, differentiation gives
M (2) =di(z — @) +dp1(z — )T+

from which (3.1) yields

) (a0 AR) (lh + dir(z — @) + dosolz — ) £ ---)

Therefore h*) /h has a removable singularity at «, and so does Si(f) by Lemma 3. Hence
Si(f) € H, and Lemma 5 yields f € Ry.

4. Proof of Theorem 6

Let first {hy,...,ht} be a solution base of (1.3), where B € H. By [15, Proposi-
tion 1.4.3(e)] the Wronskian determinant (1.6) is of the form

/ hi\' (ha\' hie-1)’ 1 C he \ "
= — —=,... = —W(hy,hoy....hy) = — = | =+
f=w ((hk) ’ (hk) 7 ’( hy, ) ) hy Wit e, 1) h¥ (Cl/k) ’

where C' € C\ {0}. But now f € Ry by Lemma 5, and

Su(f) = k1 _pp
w(f) = e

by Lemma 3 since hy, is a solution of (1.3).

Conversely, let f € Ry, and B = 1 5j(f). Then B € H by Lemma 5, and hy, := (f/)~/*
is a solution of (1.3) by Lemma 3. Let {hy,...,h;} be a solution base of (1.3) with the
normalization W (hy, ha, ..., hi) = 1. According to [15, Proposition 1.4.3(e)],

hi\ (haY heet\) 1 o,
W((H)’(H)""’(hk))‘h";W(hl’hQ"“’h’“)_h_’z_<<f'>—1/k>“f’

which completes the proof.
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5. Proof of Theorem 7

We begin with the following lemma which contains different logarithmic derivative esti-
mates needed when proving the different cases of Theorem 7. For proofs of these estimates,
see [6, 7, 8]. Recall that the upper density of a measurable set E C [0, 1) is defined as

D(FE) = limsup m(EN[r 1)

r—1- I—r 7
where m(F') denotes the Lebesgue measure of the set F.

Lemma C. Let k and j be integers satisfying k > j > 0. Let f € M(D) such that
o(f) < oo and fU) £ 0, and let g € M(C) such that p(g) < oo and g\¥) # 0.

(a) Then

(1= o) dm(z) < oo

for all € > 0.

(b) For given ¢ > 0 and 0 < § < 1, there exists a set E C [0,1) satisfying D(E) < &
such that
‘f

1 maxloa (). 1}+1) (h—g)+e
(=)

for all z € D with |z| € E.
(c) For a given € > 0 there exists a set E C (1,00) satisfying [, % < oo such that
(k)(z)
‘g(j)(z
for all z € C with |z| ¢ EU0,1].

Q

< |Z|(k—j)(p(g)—1+6)

~—

Another auxiliary result needed concerns finite order solutions of the linear differential
equation

%) 4 By_1(2)h* Y 4. 4 Bi(2)l + By(2)h =0 (5.1)

with analytic coefficients By, ..., Bx_1. The following lemma follows at once by [11,

Theorem 4.1]. For earlier results and further studies on the topic, see [6, 7, 9, 12, 14, 15, 20|
and the references therein.

Lemma D. Let 0 < a < oo and 1 < [ < 0.

_1
(a) If Bj € NynqAq ’ for all j = 0,...,k — 1, then all solutions f of (5.1) satisfy
o(f) <o
(b) If B; € ﬂq> i1y Heo forall j =0,... . k—1, then all solutions f of (5.1) satisfy
oulf) < 5

(c) If Bj is a polynomial with deg(B;)

<(k—7)(B—1)forall j=0,...,k—1, then all
solumons f of (5.1) satisfy p(f) < B.
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5.1. Proof of Theorem 7(a)

Let first f € Ri(D) such that o(f) < a € [0,00). Then f’ can be written in the form
f' = 1/h* where h € H(D) admits the properties (i) and (ii) of Definition 1. Moreover,
h = (f")~Y/* satisfies o(h) < . Lemma 3 and Lemma C(a) now yield

1) /

for all e > 0. As Si(f) € H(D) by Lemma 5, Si(f) € Ng=aAk.
Conversely, if Si(f) € Ny>aAd, then all solutions h of

1
k

) (2)
h(z)

==
Bl

(1— |z dm(z) =k (1— |z dm(z) < o0

M“+%&Uxah:0 (5.2)

are analytic and satisfy o(h) < a by Lemma D(a). As h = (f)~'/* is one of the solutions
by Lemma 3, this yields o(f) = o((f')""/*) < a.

1
Let now o > 0, and let f € Ri(D) such that o(f) = a. Then Sg(f) € Ny=aAj by the

proof above. If Sp(f) € AE_, for some ¢ > 0, then all solutions h of (5.2) are analytic
and satisfy o(h) < a — e by Lemma D(a). Since h = (f')~'/* is one of the solutions by
Lemma 3, this yields a = o(f) = o((f)~'/¥) < a —¢. This is clearly a contradiction, and
thus Si(f) € A&.
1
Conversely, if S,(f) € A&, then the proof above shows that o(f) < «a. Moreover, if
1

o(f) < «, then S(f) € Ak_, for some € > 0 by Lemma C(a). This clearly contradicts

the assumption Sy(f) € A%, and thus o(f) = a.

5.2. Proof of Theorem 7(b)

We will need the following auxiliary result [7, Lemma 4.1] to deal with the exceptional
set which appears in Lemma C(b).

Lemma E. Let B € HY® for some a € (0,00). For given ¢ > 0 and ¢ € (0,1), there
exists a set F' C [0,1) with D(F') > ¢ such that

+
lming 08 MB)
r—1- —log(l —r)
reF

To prove Theorem 7(b), let first f € Ry(D) such that o (f) < 8 € [1,00), and let
e > 0. Then for given k € N, f’ can be written in the form f’ = 1/h*, where h € H(D)
is non-vanishing, and oy(f') < 3. It follows that |Re(log* f/(re”))| = O (1 —r)77~9).
Since log f" € H(D), inequality (1.18) in [5] now yields

log M (r,1/f") < M (r,log1/f") = M (r,log f') = O (ﬁ) :
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Hence oy (1/f") < 3, and

oa(h) = ou((f)%) = ou(1/f) < 6.

By Lemma 3 and Lemma C(b), for given € > 0 and 0 < ¢ < 1/2, there exists a set
E C [0,1) satistying D(FE) < ¢ such that

k(max{on (h),1}+1)+e k(B+1)+e
1 1
< <(—— (5.3)

12| 11z

k) (4
s = k| )

for all z € D with |z| € E. Moreover, Sg(f) € H(ID) by Lemma 5. Assume on the contrary
that Sy(f) € Hy for some o > k(8 + 1). Fix e > 0 such that 2¢ < o — k(8 +1). By
Lemma E there exists a set F' C [0, 1) satisfying D(F') > 26 such that

+
lim inf log™ M(r, 5(/))
r—1-  —log(l—r)

re

>a—¢. (5.4)

Combining (5.3) and (5.4) we find {r,} C F'\ E with r,, — 17, as n — oo, such that

1 a—e 1 k(B+1)+e
< ) §M(rn,Sk(f))§( ) , neN.

1—7r, 1—r,

Since o —e > k(S +1) + ¢, this yields a contradiction, and therefore Si(f) € H° for some
a < k‘(ﬁ + 1). Thus Sk(f) S ﬂq>k(5+1)H;o.

Conversely, if S(f) € Ngsr(sr1)H°, then all solutions h of (5.2) are analytic and
satisfy op(h) < 8 by Lemma D(b). As h = (f/)~'/* is one of the solutions by Lemma 3,
this yields

ou(1/f) = on((f)7") = our(h) < 5.

By an argument similar to the one given in the beginning of the proof of Theorem 7(b),
we see that op(f) = oa(f') < 8. The assertion on the case of equality can be proved by
following the corresponding reasoning in the proof of Theorem 7(a).

5.3. Proof of Theorem 7(c)

We will need one more auxiliary result [2, §].

Lemma F. Let ¢ and i) be monotone increasing functions on [0,00) such that o(r)
Y(r) for all v ¢ E U [0,1], where E C (1,00) satisfies [, " < co. Then, for any v >
there exists r,, > 0 such that ¢(r) < ¢ (yr) for all r € [r,, 00).

<
1

To prove Theorem 7(c), let first g € Ry (C) such that p(g) < 5 € [1,00). Then ¢’ can
be written in the form ¢’ = 1/h*, where h € H(C) admits the properties (i) and (ii) of
Definition 1. Moreover, h = (¢')~'/* satisfies p(h) < 3. Lemma 3 and Lemma C(c) now
yield

hF)(2)
h(z)

wum@ﬂ:k\ ]sVWﬁHﬂ
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provided |z| ¢ EU[0,1], where [, % < co. Lemma F now gives M(r, Si(g)) < r*#-1+2¢)
for all r sufficiently large. Since Si(g) € H(C) by Lemma 5, this means that Si(g) is a
polynomial with deg(Sk(g)) < k(5 —1).

Conversely, if Sk(g) is a polynomial with deg(Sk(g)) < k(8 — 1), then all solutions h
of

B 4 %sk<g><z>h —0

are entire and satisfy p(h) < 8 by Lemma D(c). As h = (¢’)~"/* is one of the solutions
by Lemma 3, this yields p(g) = p((¢)~/*) < 8.

The assertion on the case of equality can be proved by following the corresponding
reasoning in the proof of Theorem 7(a).
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